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Q1
) ( HW

8.Q2
) Let A  = Cai ;) be a real nxn  matrix

,

define the I -

norm HAHS a A by

HA Hs !=  sup HA  Hh : Xo IR
"

s 't .

Hhs 13
,

where Hxlk ÷,Hal

la ) Show  that HAHA =  int { MEIR 111AM
,

S Mllxlh
.

V-xc.IR
"

}
.

S

(b) Show  that HAIK =

mgxEIais.lt

: a )lol
Show  that if HAHN I

,

then ITA  is  invertible
.

Sol : Ca ) EST f  x  e IR
"

w/ 11×11,51 , tf MES , by definition

HANK EM
.

I
. HAKE M

.

Hence HAIK E int S

-173 Want to  show  that V-xc.IR
"

,
HANKE HAH skills :

Case I : X= O : both sides  are 0
.

Case 2 : x * o :  then HET
.

He =L
,

i. HAKEN
.
) tht HAH

,

⇒ HANK SHAH dklk

.

'

. HAILES
.

henceHalles in .tS
.



(b) I E ] Want to show LES : tf  x EIR
"

.

HANK = Ill Xi
.

. . .

.
NE

,

an ;x;Hh=  

¥.IE
,

ai
;

x
; I

⇐
,
¥ ,

laijllxil=

§ Kill laid ) s IHI.  Hoax IF Iai ;D ) = all Hk

.

'

.

d ES . hence It Alk =  int S E d
.

I ZI tf I Ejsn
,

Ae
;

 = Cali
,

.  -

: an ;)
, .

'

.

HAH
,

> HAE ; HEE. laid
.

.

'

. HAIK It

(c) Applying the Perturbation of Identity : ( X
,

Hall ) = l IR
"

,

Mlk
)

let Io : IR
"

→ IR
"

bedefinedas BK ) = Xt Ax
,

then Blok Os

Also Z  
= It I

,

where IK ) - Ax
. Showing I is  a contraction :

tf x. x
'

E IR
"

,
HEH- IK 'llf-HAH - x

'ill
.

SHAIKH- x'Ik.

'

.
Choose f- HAH . 51

,
I is  a  contraction on IR

"

.

.

i

. By the theorem
,

Vr > O
,

Iocxs  = O is uniquely solvable on BIO

Hence B is  uniquely solvable  on IR
"

.

As Blok O
,

tf  x  EIR
"

s .  -1 . Zuko
, X=o

,

ie . Ker Io  = I 03

Therefore
,

I + A  is  invertible
.
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Q2 ) I HW 8. Q3 ) ( Inverse Function Theorem for IR )

Let f :[ atb ] → IR be a U  
function set .

flak
-5lb )

.

Show that

-5 admits
a global differentiable inverse g ⇐ the la , b)

,

FH ) SO

Pf ) t⇒ ] Assuming there exists  such g .
then tf  x E ( a. b)

,

gtlx ) ) = X i differentiating both sides  with respect to  x  i

g
'

thx ) ) .
 -54×1=2

,

c

'

. Vx  E la , b)
,

-54×340
.

As 5
'

: la, b) → R is  continuous
,  either Vx

.  -5 'm > o  or Vx
,

-54×30

Since  

flak
-5lb )

, by Mean Value Theorem
.

I { E la , b ) sit .

Sls ) Cb - as = -5lb ) - Fla ) > O
,

hence  T 'll ) > O
.

.

'

. Vx E ( a. b)
,

-54×3>0
.

[ ⇐ I We  first show  that T is  strictly increasing : tf  x.  y
E E a. b ] .  xsy

by MVT
,

I GE I ab ) s - t .
 fly ) - fix ) =  TINY -

x ) > O
.

.

'

.  fix ) C  fly )

.

'

.

 5 :  fails ] → I flat
,

 -5lb ) ] is strictly increasing continuous  function
.



By Continuous Inverse Theorem ( I Bartle
,

Thm  5.6.53 )
,

there exists global

Continuous  inverse g :[ flat ,  -5lb ) ] → tab ]

Since -5 is differentiable  with -549*0
,

Vx  E C a. b) ,

by [ Bartle : Than6.1.83 I whose proof uses Caratheodory Theorem )
.

g is  also differentiable
.

-
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Q3 ) I HW 8. Qb ) I Open  mapping Theorem )

Let F : WEIR"

→ IR
"

be C
'

s . t . Vx  e U
,

Iet IDF Ix ) ) to

(a) Show that F is  an  open  map
: tf VE V open ,

FN
) EIR

"

is  open .

(b) Provide an  example of such F  so  that F has  no global inverse
.

Pf : la ) Given VE V open ,
 showingFCV) EIR

"

is open by dosinition :

tf  
ye

FN
)

,

7-  x  c-

Vst
. y = F Cx )

.

Since

Hr
is Ct w/ def ( DFW ) to

by Inverse Function Theorem
,

I R > Os . t . BR ly ) E FN ) C hence G :  
-

- F'
 '

CBRCYDEV)
¥

and F : G → Brey ) is Cd bijective  w/ C
'

inverse
.

Hence Y E BNY ) E F W )
. Therefore

,

FN ) is  open .

(b) Define F : Latos ) x IR EIR
'

→ IR
'

by Ftr
, o ) = crusoe

.
 rsin O )

.

Then V trio )
,

det ( DF Cro ) ) =  r # O .

.

'

. F  satisfies  the assumption

However
.

F has  no global inverse : F is  not bijective  as

for  instance FLL
,

O ) = ( I
, O ) = F ( 1,21T )

.
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